We study the temperature dependence of the renormalized Polyakov loop in 2+1 flavor QCD for temperatures T < 210 MeV. We extend previous calculations by the HotQCD collaboration using the highly improved staggered quark action and perform a continuum extrapolation of the renormalized Polyakov loop. We compare the lattice results with the prediction of non-interacting static-light hadron resonance gas, which describes the temperature dependence of the renormalized Polyakov loop up to T < 140 MeV but fails above that temperature. Furthermore, we discuss the temperature dependence of the light and strange quark condensates.
I. INTRODUCTION
At high temperature strongly interacting matter undergoes a transition to a new state characterized by deconfinement and color screening (see e.g. Refs. [1, 2] for recent reviews). The Polyakov loop is an order parameter for deconfinement phase transition in SU (N ) gauge theories. After proper renormalization it is related to the free energy of a static quark F Q [3, 4] . More precisely, it can be defined through the difference in the free energy of a system containing a static quark antiquark (QQ) pair at infinite separation and a system without static charges at the same temperature F ∞ (T ), i.e. L ren (T ) = exp(−F ∞ (T )/2T ) = exp(−F Q /T ) [3] . In the confined phase F ∞ = ∞ since the static Q andQ cannot be separated to infinite distance. Consequently, the Polyakov loop which transforms non-trivially under the center of the gauge group is zero. In the deconfined phase the static quark and anti-quark could be separated to infinite distance due to color screening which means breaking of the center symmetry Z(N ) [5, 6] . Dynamical quarks explicitly break the Z(N ) symmetry of the partition function and F ∞ is finite since the static Q and Q can be now separated to infinite distance by creating a dynamical quark anti-quark pair from the vacuum, a phenomenon often called string breaking. In 2+1 flavor QCD with the quark masses realized in nature there is no phase transition related to deconfinement. Moreover, the renormalized Polyakov loop cannot be related to the singular part of the free energy density [7, 8] . However, the renormalized Polyakov loop is sensitive to the color screening in hot QCD medium, at high temperature it is closely related to the Debye screening mass (see e.g. [9] ). In the opposite limit of very low temperatures F Q is related to the binding energy of a static-light meson (see e.g. [10] ). Thus, the renormalized Polyakov loop is a good probe of the hot strongly interacting medium.
On the lattice with temporal extent N τ the renormalized Polyakov loop is calculated according to the following formula:
where U 0 (x 0 , x) is the gauge link variable in the time direction and c is the lattice spacing dependent normalization constant that ensures that the static potential calculated on the lattice has a certain value at a chosen distance [11] . In the recent past the renormalized Polyakov loop has been calculated on the lattice in 2+1 flavor QCD with physical quark masses using the improved staggered fermion formulation [7, 8, [11] [12] [13] [14] . Furthermore, using the stout improved staggered action continuum results for the renormalized Polyakov loop have been presented [14] . The aim of this paper is to study the renormalized Polyakov loop in the low temperature and transition regions and to perform an independent continuum extrapolation using the highly improved staggered quark (HISQ) action [15] . While the temperature dependence of the Polyakov loop in QCD at high temperatures is very similar to its temperature dependence in pure gauge theory, this is not the case for the low temperature and the transition regions. To understand at which temperature color screening effects set in, it is important to clarify to what extent the temperature dependence of the Polyakov loop can be understood in terms of hadrons. As mentioned above, at very low temperatures the dominant contribution to F Q is given by the lowest static-light state. As the temperature increases, more massive states will contribute as well and also the interactions of static-light hadrons with the medium will become more important. For the description of the bulk thermodynamic quantities it turns out that interactions between hadrons can be taken into account by adding the contribution of hadronic resonances. It is reasonable to assume that the effects of interactions of static-light hadrons with the hadrons in the medium can be accounted for by adding excited (resonance) states. Therefore, we calculate the renormalized Polyakov loop in the approximation of non-interacting gas of static-light hadrons and hadronic resonances as has been suggested recently [16] . Contrary to Ref. [16] (see also [17, 18] ), where the experimental spectrum of heavylight(strange) hadrons was used together with different model considerations, our analysis is largely based on the lattice QCD calculations of the spectrum of static-light and static-strange hadrons [19, 20] . We also consider different quark model analyses of the heavy-light(strange) hadron spectrum, compare them with each other and the available lattice calculations, and use them to estimate the contribution of higher lying excited states to L ren . The rest of the paper is organized as follows. In section II we present our numerical results for the renormalized Polyakov loop. The temperature dependence of the quark condensates is also discussed there. In section III we discuss the spectrum of static-light hadrons and the calculation of the Polyakov loop using the hadron resonance gas approximation for static-light hadrons. Finally, section IV contains our conclusions.
II. NUMERICAL RESULTS
The chiral and deconfining aspects of the QCD transition have been studied by the HotQCD collaboration using lattices with temporal extent N τ = 6, 8, and 12 and a combination of the tree-level improved gauge action and the HISQ action in the quark sector [8] . This combination of the gauge action and quark action was referred to as the HISQ/tree action in Ref. [8] but here we refer to it as the HISQ action for simplicity. For reliable continuum extrapolations we need at least three lattice spacings. Therefore, we performed calculations using 40 3 ×10 lattices, using as in the earlier work the rational hybrid Monte-Carlo algorithm [21] . The algorithmic details of dynamical HISQ simulations can be found in Ref. [22] . As in Ref. [8] , calculations are performed for the physical value of the strange quark mass m s and light quark masses m l = m s /20. This light quark mass corresponds to the pion mass of 160 MeV in the continuum limit [8] , which is slightly above the physical value. However, for the Polyakov loop this small difference from the physical value plays no role. The parameters of the lattice simulations including the lattice gauge coupling β = 10/g 2 and the strange quark mass in lattice units are shown in Table  I along with the corresponding temperatures. The last column of the table shows the accumulated statistics for each β value in terms of molecular dynamics time units. The lattice spacing a is determined from the r 1 parameter defined in terms of the zero-temperature static potential as
and we use the value r 1 = 0.3106 fm [23] . We use the parametrization of the lattice spacing and the quark masses as functions of the gauge coupling β along the lines of constant physics that are given in Ref. [8] . The β dependent normalization constant c that enters Eq. (1) was also taken from Ref. [8] . Since we are interested in the low temperature behavior of the Polyakov loop, we also performed additional calculations on 32 3 × 8 lattices for three values of the temperature, T = 116 MeV, 125 MeV and 131 MeV. The corresponding simulation parameters are also given in Table I . Our calculations extend to temperatures as low as 116 MeV, which is lower than in any previous lattice study. Our numerical results for the Polyakov loop are shown in Fig. 1 . To obtain continuum results for the renormalized Polyakov loop we first perform a smooth spline interpolation of the numerical data for each N τ . The errors of the spline interpolation are determined using the bootstrap method. Then we perform continuum extrapolations at selected temperature values from T = 120 MeV to 210 separated by 5 MeV steps. In addition we also consider the renormalized Polyakov loop at T = 117 MeV. Since the leading discretization errors in the staggered fermion formulation are proportional to a 2 , we expect that for the renormalized Polyakov loop they should scale like (aT ) 2 = 1/N 2 τ . Therefore we performed 1/N 2 τ extrapolation of the renormalized Polyakov loop for T ≥ 135 MeV, where we have at least three lattice spacings. At lower temperatures we have only two lattice spacings to estimate the continuum limit, corresponding to N τ = 8 and 10. Furthermore, as one can see from Fig. 1 (right) the lattice data do not show a clear N τ dependence at these temperatures within the estimated errors. Moreover, the ordering of the N τ = 8 and N τ = 10 data seems to be the opposite of that at T > 135 MeV. For this reason we estimate the continuum limit for L ren at T ≤ 135 MeV by averaging the interpolated N τ = 8 and N τ = 10 data.
Our continuum estimates for the renormalized Polyakov loop are also shown in Fig. 1 and are compared with the continuum results obtained using the stout action [14] . The two lattice extrapolated continuum results agree with each other, except for T = 140 MeV, where our results are larger by two standard deviations.
As discussed in section I the deconfinement phase transition is related to Z(N ) symmetry in the case of infinitely heavy quarks. In the opposite limit of massless quarks there is a chiral restoring phase transition. The connection between the deconfinement crossover and the chiral crossover in QCD with the physical values of the quark masses is a subject of long-standing discussions (see e.g. Refs. [24] [25] [26] ). Therefore, it is interesting to compare the temperature dependence of the renormalized Polyakov loop in the continuum limit to the temperature dependence of the chiral condensate which is used to described the chiral aspects of the QCD crossover. Combining our numerical results with the published HotQCD [8] results we estimated the renormalized chiral condensates ∆ ls and ∆ R l defined in Ref. [8] in the continuum limit. So far continuum extrapolated data for the chiral condensate are only available for the stout action. The details of this analysis are given in the Appendix, where we also compare our results with the one obtained using the stout action. We also calculated the strange quark condensate ∆ R s , which is analogous to ∆ R l (see Ref. [8] ) in the continuum limit. The details of these calculations are also given in the Appendix.
In Fig. 2 the temperature dependence of the Polyakov loop is compared with the temperature dependence of the renormalized chiral condensate as well as with the temperature dependence of the strange quark condensate. As one can see from the figure the renormalized 
FIG. 1:
The renormalized Polyakov loop calculated with the HISQ and stout action. The HISQ results for Nτ = 6, 8 and 12 are from Ref. [8] . The continuum stout data are from Ref. [14] . The filled diamonds correspond to the continuum extrapolation for the HISQ action. The right panel shows the closeup of the Polyakov loop in the low temperature region. Polyakov loop changes very smoothly in the temperature interval where the chiral condensates drops rapidly and it is difficult to tell whether the transition in the renormalized Polyakov loop and chiral condensates are connected. Comparison with the hadron gas model described in the next section, however, can provide further insight into this issue. Finally, the strange quark condensate shows a smooth behavior similar to that of L ren .
III. THE HADRON GAS MODEL
As discussed in section I, at very low temperature the free energy of a static quark is largely determined by the binding energy of the lowest static-light meson. In addition, there are contributions from static-strange mesons and baryons with one static quark. Thus, following Ref.
[16], at very low temperature the Polyakov loop is given by the contribution of the lowest static-light states
where the spin and iso-spin degeneracies of the meson states have been taken into account and the summation of all iso-spin (I) states, as well as of all light and/or strange quark angular momentum states (j) for the lowest static-light baryons. Altogether we have contributions from 6 mesons and 21 baryons [16] . The factor 3 on the left-hand side of the above equation originates from the color normalization in the definition of L ren in Eq. (1) and can be seen from the spectral decomposition of the Polyakov loop correlator derived in [27] .
Interactions with the medium are suppressed at very low temperatures but start to become more important as the temperature increases. One may try to include the interaction by assuming that it can be approximated by resonances. This assumption seems to work quite well for bulk thermodynamic quantities [14, [28] [29] [30] . The staticlight meson contains a divergent self-energy contribution which needs to be subtracted. This leaves the mass of the ground static meson state undetermined, while the masses of all other states are given with respect to the mass of the lightest state E i = M i − M 0 . Therefore, we can generalize the above equation as follows:
Here E s 0 is the energy of the lightest static-strange meson with respect to the mass of the lowest static-light state M 0 . The first and the second terms correspond to the contribution of the ground state static-light and staticstrange mesons, while the third term corresponds to the contribution of the baryon states and the excited meson states. The index n denotes different excited states corresponding to the same values of I and j. The renormalized Polyakov loop depends on the subtracted mass of the lowest static-light meson ∆. This needs to be adjusted to match the lattice data for the Polyakov loop at low temperatures, i.e. ∆ should be adjusted to the specific scheme used for the normalization of the Polyakov loop on the lattice. This matching procedure will be discussed in subsection C. In the following two subsections we are going to discuss the meson and baryon contributions to L ren separately.
A. Static mesons and their contribution to the renormalized Polyakov loop
Static-light and static-strange mesons are characterized by the angular momentum of the light (strange) quark and parity j P . The spectrum of static-light mesons consists of approximately degenerate pairs with j = |l ± 1/2|, where l is the orbital angular momentum. The spectrum of static-light(strange) mesons has been studied in 2-flavor lattice QCD by the ETMC collaboration for j up to 7/2 that correspond to orbital angular momentum l = 0, 1, 2 and 3 and are denoted by S, P ± , D ± , F ± [19] . Also the masses of first static-light and static-strange excited meson states for 1/2 − channel (first radial or S * state in the ETMC notation ) have been calculated [19] . To get rid of the divergent self-energy contribution, the masses of different states are calculated with respect to the ground state (S state) mass both in the light and the strange quark sectors. These mass differences have been extrapolated to the continuum limit and to the physical pion mass and are approximately the same for static-light and static-strange mesons, see Table  5 of Ref. [19] . The errors for the above mass difference vary between 12 MeV and 37 MeV. With all the spin and iso-spin degeneracies the number of states identified on the lattice is 96. To calculate the Polyakov loop according to Eq. (4) we need to know E s 0 , the energy (mass) of the lowest static-strange meson with respect to the lightest static-light meson.We use phenomenological considerations to do so. Consider the spin-averaged mass of the ground state charmed (bottom) mesons with strangeness S = 0 and S = −1:
Here To study the contribution of higher excited states we will use the D s meson spectrum calculated on the lattice [32] as well as in a relativistic quark model [33] [34] [35] [36] . The spectrum of D s mesons has been calculated on the lattice using improved Wilson fermion actions [32] . One needs to establish a relation between the meson masses in the static case and the masses of D s mesons. Heavy mesons, D s mesons in particular, are characterized by nL J , with J being the total angular momentum of the meson, L being the orbital momentum and n being the radial quantum number. Obviously the j = 0 states in the static limit are identified with spin-averaged S-state D s mesons. For a finite heavy quark mass, the L − 1/2 state in the static limit splits into two states, L L−1 and L L , while the L+1/2 state splits into L L and L L+1 state, e.g., P − becomes 1P 0 and 1P 1 , and P + becomes 1P 1 and 1P 2 . The corresponding splittings, however, are small. Such a degeneracy pattern is indeed observed in the experimentally established positive parity (P -wave) D and D s mesons. Furthermore, the mass differences of various D s meson states calculated on the lattice and the spinaveraged lowest S-state are in reasonable agreement with the mass differences in the static limit discussed above. Therefore, it is justified to use the D s meson masses calculated on the lattice as proxies for static-strange mesons. Since the above difference is approximately the same for strange and light quark cases we can use the same mass difference also for the light quarks. That allows us to include the following excited states into the analysis: 2P , 2D, and 2F . We identify the mass of 2L − meson in the static case with the lowest 2L L D s meson mass and the 2L + with the higher 2L L D s meson. With all the spiniso-spin degeneracies this gives 90 states.
To include even higher excited states we use quark model predictions. The quark model can predict certain qualitative features of the heavy-light and staticlight meson spectrums correctly [33] [34] [35] . However, the quark models also have problems. In the static limit the mass of the P + state is smaller than the mass of the P − state just the opposite of what is observed on the lattice [19] . The mass of the P + in a quark model, calculated in Ref. [35] , is 230 MeV below the lattice result. Similarly, the mass of the 2S state is 441 MeV below the lattice result [19] . Comparing the results of Refs. [33, 34] to Ref. [35] , one may conclude that the model dependence is small for the 1P meson states, however, in the B s sector the masses of the 2S states differ by about 300 MeV. We try to account for these problems by assigning a theoretical error to the masses of higher excited states.
We took the results of quark model calculations of D and D s mesons [36] to estimate the contribution of 3S, 4S, 5S, 3P , and 1G states. From comparison of the results of different quark models, as well as the comparison to the lattice results discussed above, we estimate the uncertainty of the masses of the higher nS states (n ≥ 3) to be 300 MeV, while for the other states we estimate it to be 150 MeV. It turns out, however, that contribution of these states to L ren is negligible up to temperatures of 210 MeV for which the model makes sense. The excited states discussed so far should include all the possible states up to masses of 2 GeV above the ground state mass. It is unlikely that individual resonance states can be observed above that energy. In Fig. 3 we show the contribution of meson states to the renormalized Polyakov loop. We normalize the results by L 0 = 4 exp(−∆/T )/3. The contribution of all static meson states calculated on the lattice in Ref. [19] is shown as the band, the dashed line includes the con- tribution of the higher excited states, and the thin solid line corresponds to the first static-strange meson only. The uncertainty band is determined by the errors of the static meson masses calculated on the lattice [19] . We see that at low temperatures the only meson state that has a significant contribution to L ren in addition to the lowest state is the lightest static-strange meson, though the contribution of excited states cannot be completely neglected. Excited states (up to 1F ) become very important at higher temperatures, T > 140 MeV. Finally, the contribution of higher excited states is quite small and is only visible for T > 170 MeV.
B. Baryon contribution to the renormalized Polyakov loop
The spectrum of baryons with one static quark has been studied by the ETMC collaboration [20] in 2 flavor QCD. The masses of static baryons with positive and negative parity and angular momentum of light quarks j = 0 and 1 have been calculated. These states correspond to the ground state and first orbital excitation of baryons with one heavy quark, i.e., to 1/2 + , 3/2 + and 1/2 − and 3/2 − . Counting the iso-spin and angular momentum degeneracies, the lowest positive and negative parity baryons correspond to 79 states. The calculations have been carried out at one lattice spacing. The lack of continuum extrapolation is not of great concern, since based on the studies of the static meson spectrum, cutoff effects are expected to be small compared to the statistical errors. The results presented in Ref. [20] depend somewhat on how the lattice spacing is set. More precisely, using f π the lattice spacing was determined to be 0.079(3) fm, while using the nucleon mass the lattice spacing turned out to be 0.089(5) fm. In our analysis we use the values of the masses obtained by fixing the lattice spacing through the nucleon mass m N , since this procedure gives a value of the r 0 parameter that is consistent with other determinations [8, 13] , namely r 0 = 0.473 ± 0.09(stat.) ± 0.16(syst.) fm [37] . Setting the scale with f π gives r 0 = 0.42 fm [38] which is much smaller than any other determination. The lowest lying positive and negative parity baryons give a fairly large contribution to the renormalized Polyakov loop, in fact, the largest contribution next to the ground state mesons. However, it turns out that higher excited states cannot be neglected. We can use quark models to estimate the contribution of higher lying baryon states to L ren .
The spectrum of baryons containing one heavy (c or b) quark has been studied in the relativistic quark model [39] and in the relativistic quark-diquark model [40] . The analysis of Ref. [39] , however, was restricted to Λ b,c and Σ b,c baryons. We will use the spectrum of excited heavy baryons containing a b quark as a proxy for the spectrum of higher excited baryon states with a static quark. The masses of baryons with a static quark are determined by the angular momentum of the light quarks j. Therefore, the heavy baryons form doublets with almost the same mass that correspond to the same angular momentum j of the light quarks and total angular momentum J = j ± 1/2. In our analysis we consider the mass difference of the baryon with the lower angular momentum in the doublet and the spin averaged mass of B(B * ) mesons. These mass differences obtained in a quark model are compared to the static baryon spectrum for the lowest positive and negative parity states calculated on the lattice. It turns out that the agreement between the lattice results and the model calculations is quite good if the nucleon mass is used to set the lattice spacing. In fact, the lattice results agree with the model calculations within the errors. For the Λ b and Σ b families we also find good agreement between the diquark model and Ref. [39] for the lowest states of both parities. In our calculations we use the spectrum calculated in Ref. [40] which corresponds to baryon states with angular momenta up to J = 11/2 equivalently to j = 5 of the light quarks and up to 5 radial excitations. Counting all the spin and iso-spin degeneracies these correspond to 984 states.
As discussed above, different model calculations agree with each other for the lowest positive and negative parity states. Unfortunately, the agreement is not that good for the higher excited states. To estimate the sensitivity of the Polyakov loop to the model uncertainty of the higher excited baryon states we calculated the contribution of excited Λ Q and Σ Q baryons to L ren , including all states up to J = 7/2, using the results of Ref. [39] and of the diquark model [40] . The contributions of Λ b to L ren are a factor of two larger if one uses the spectrum from Ref. [39] compared to the case where the Λ b spectrum from the diquark model is used. On the other hand, the contribution of the Σ b baryons is a factor of two smaller if one uses the results of Ref. [39] instead of the results of the diquark model. Therefore we estimate that contribution of the higher excited baryon states is uncertain by a factor 2.5. This is the largest source of uncertainty in the hadron resonance gas model for T > 170 MeV. The contribution of baryons to the renormalized Polyakov loop is shown in Fig. 4 . The contribution of the static baryons identified on the lattice in Ref. [20] is shown as the solid line and the band. The error band corresponds to the uncertainty that has been evaluated using the errors on the static baryon masses. The contribution of all baryon states to L ren is shown as the dashed black line. At temperatures T < 120 MeV the contribution of the baryons is below 10%. It becomes significant above that temperature. The contribution of higher excited states becomes significant only for T > 140 MeV. Therefore, as will become clear in the next subsection, the uncertainty in the comparison to the lattice data due to the excited states is small.
C. Comparison with lattice results
Let us compare the hadron resonance gas model results with the lattice data discussed in section II. The comparison is easiest in terms of the free energy of an isolated static quark F Q (T ) = −T ln L ren (T ). The renormalization procedure of the Polyakov loop on the lattice introduces a scheme dependence. Therefore, for the comparison of the hadron resonance gas with the lattice data one needs to adjust the parameter ∆ in Eq. (4). We fix ∆ by requiring that the hadron resonance gas model matches the continuum lattice result at the lowest temperature T = 117 MeV. This gives ∆ = 593 ± 18 MeV. Once this constant is fixed, the hadron resonance gas model can predict the free energy of an isolated static quark at any other temperature.
The comparison of the lattice data with the hadron resonance gas model is shown in Fig. 5 . The solid line and the band correspond to the hadron resonance gas results with all the states discussed above and their uncertainty, which also includes the uncertainty in the value of ∆. The dashed line corresponds to the contribution of the ground states only. The figure shows that the contribution of excited states is significant already for the lowest temperature available in the lattice calculations. The hadron resonance gas model can describe the lattice results on the renormalized Polyakov loop up to temperature 140 MeV, however, clearly fails above that temperature. All the excited states included in the analysis are not sufficient to explain the rapid decrease of the static quark free energy. This result agrees qualitatively with the findings of Ref. [16] if the stout data for T < 140 MeV are used to normalize the static free energy in their analysis (cf. Fig. 4 of Ref. [16] ). More work is needed to understand the discrepancy between the lattice data and the hadron resonance gas model. It is possible that exotic hadron states can explain the discrepancy between the lattice results and the hadron resonance gas model for T > 140 MeV. Another possibility could be the partial restoration of the chiral symmetry and the corresponding change in the static-light hadron masses, as indicated in a recent lattice study [41] .
IV. CONCLUSIONS
We studied the renormalized Polyakov loop in lattice QCD using the HISQ action and obtained results in the continuum limit for temperatures 120 MeV < T < 210 MeV. Results obtained with the HISQ action are in the a 2 scaling regime for N τ ≥ 6. Our continuum results agree well with the earlier findings obtained using the stout action [14] . We also revisited the temperature dependence of the quark condensates and find that in the temperature region, where the light quark condensates show a rapid decrease, the renormalized Polyakov loop changes very smoothly. We do not see an obvious connection between the chiral and deconfinement transition described in terms of these quantities.
We studied the question of the physics origin behind the increase in the Polyakov loop, or equivalently, the decrease in the free energy of a static quark F Q . At sufficiently high temperatures the decrease in F Q is associated with the onset of color screening which also leads to the same decrease in the energy of a static quark at leading order [42] . For temperatures T < 140 MeV the decrease in F Q could be explained in terms of the hadron resonance gas model. For larger temperatures the decrease in F Q appears to be significantly larger and cannot be explained in terms of conventional static-light(strange) hadron states. It remains to be seen whether this rapid decrease is due to the contribution from exotic staticlight hadrons or some other mechanism. In the latter case its implication for color screening is not clear, especially in view of recent lattice results on the static energy of QQ pair which do not indicate large significant screening effects for T < 200 MeV [43, 44] . Currently one of the largest uncertainties in the Polyakov loop calculations within the hadron resonance gas model comes from the excited baryon states. Clearly an improved lattice calculation of the static baryon spectrum would be very helpful in this regard. Another open issue is the contribution of exotic static-light hadron states.
Appendix: Temperature dependence of the quark condensates
In this appendix we discuss the calculation of the renormalized quark condensates. The quark condensate ψ ψ q needs a multiplicative renormalization, and for non-zero quark masses also an additive renormalization. It is easy to see that the leading additive divergence is proportional to the quark mass and is quadratic in the cutoff (inverse lattice spacing). Therefore, studying the following combination, called the subtracted quark condensate, was proposed [12] :
Here q = l and s correspond to light and strange quarks, while the subscripts x = 0, τ refer to zero and finite temperature expectation values, respectively. The expectation values ψ ψ q,x are normalized per single flavor. Subleading divergences proportional to the quark mass cubed 
FIG and the logarithm of the cutoff are expected to be small for the physical values of the light quark masses. We calculated ∆ l,s on N τ = 10 lattices. Combining this with the published results of the HotQCD collaboration obtained on N τ = 8 and 12 lattices [8] we performed a continuum extrapolation. First we interpolated the lattice data for each N τ using a smooth spline and estimated the error of the spline by bootstrap analysis. Next we performed a continuum extrapolation at selected values of temperature separated by 5 MeV within the interval 120 MeV ≤ T ≤ 200 MeV assuming a 1/N 2 τ behavior. We studied the variation of the extrapolated result with varying the fit range in N τ . These variations have been included in our final error estimate. For T < 170 MeV the N τ = 6 data have not been included in the analysis as they are incompatible with a 1/N 2 τ behavior. For T ≤ 140 MeV no N τ = 12 data are available so the extrapolation had to rely on N τ = 8 and N τ = 10 data only. The numerical results for different N τ and as the continuum extrapolations are shown in Fig. 6 . The continuum extrapolated results are slightly above the continuum results obtained with the stout action [14] . This difference is expected due to the slight difference in the light quark masses used in the two calculations, namely, m l = m s /20 versus m l = m s /27 in Ref. [14] . In Fig.  6 we also show the N τ = 12 HISQ data obtained using the lattice spacing determined from the kaon decay constant f K [8] . These data are systematically above our continuum estimate.
Alternatively, we can get rid of the ultraviolet divergences in the quark condensate by considering the following combination, which is called the renormalized quark condensate [8] : (10) is closely related to the renormalized quark condensate ψ ψ R introduced in Ref. [13] . Using our N τ = 10 results and the published HotQCD results for N τ = 6, 8, and 12 we perform a continuum extrapolation for ∆ Fig. 7 , along with the continuum extrapolations. We also show the HISQ N τ = 8 data obtained using the lattice spacing from f K in this figure which seem to agree quite well with our continuum result, except for T > 180 MeV, where they are systematically lower. Our continuum results for ∆ R l are slightly larger than the continuum results obtained with the stout action [14] . This is again expected to be due to the difference in the light quark masses (see discussion in Ref. [8] ). Finally we would like to note the large difference in the temperature dependence of ∆ 
